Abstract. We deduce the transcendence of the Iwasawa power series from Borel's conjecture, namely the normality of the irrational algebraic p-adic integers.
Introduction
Let p be a prime number. For an even Dirichlet character χ there exists a p-adic analytic function L p (s, χ) on Z p , called the Kubota-Leopoldt p-adic L-function such that
where L(z, χ) is the Dirichlet L-function associated to χ and ω is the Teichmüller character. Let v = 1 if p ≥ 3 and v = 2 if p = 2. Let θ be the first factor of χ in Iwasawa's sense. The Iwasawa power series f (T ; θ) ( [Iw] ) is the unique power series in
Let π be a uniformizer of Z p [θ] . Several properties of f (T ; θ) ( mod π) have been studied such as non-triviality ( [FW] ), irrationality ([Si2] ), pseudo-irrationality ( [A2] ), and so on ( [A, Su] ). In [A2] , after studying pseudo-irrationality Anglès raises the question about the transcendence of f (T ; θ) ( mod π) over F p (T ). Let Q be a p-power, say Q = p m and for α ∈ Z p let s m (α) be the (m − 1)-th partial sum of p-adic expansion of α. Set Q . In the paper, we are going to omit the modulus 1 for convenience of calculations unless it causes any confusion. One of main ingredients in [FW] is the following joint normality: p-Adic integers α 1 , · · · , α r are called jointly normal to a base Q if the sequence (
When r = 1, we simply call it normal to the base Q.
There is a famous conjecture suggested byÉmile Borel ([B] ), which has been unsolved for more than a half of a century. It concerns about the normality of the real irrational algebraic numbers. We state the p-adic version of the conjecture:
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The main purpose of present paper is to show that Theorem 1.2. Borel's conjecture implies the transcendence of the Iwasawa power series over F p (T ).
The proof of Theorem 1.2 goes in a similar way as [FW] or [Su] . In order to prove the non-triviality of f (T, θ) ( mod π), that is, the vanishing of the µ-invariant of f (T, θ), Ferrero and Washington utilized Proposition 4 in [FW] which comes from the following proposition: Proposition 1.3 ( [FW] ). Let α 1 , · · · , α r ∈ Z p are linearly independent over Q. Then for almost all α ∈ Z p i.e. for all α outside a measure zero subset of Z p , αα 1 , · · · , αα r are jointly normal to the base Q.
In order to obtain Lemma 3.3 which plays a similar role as Proposition 4 in [FW] , we make use of Proposition 4.1 instead of Proposition 1.3.
The Iwasawa power series
In this section, we represent the Iwasawa power series as the Γ-transform of a suitable p-adic measure on Z × p in the sense of Sinnott ([Si] ). Let o be the integer ring of a finite extension of Q p with a fixed uniformizer π. To a periodic function Ψ : Z → o of a period M , we associate a rational function R Ψ (T ) defined by
Furthermore, assuming Ψ(0) = 0 we obtain that
The poles of R Ψ (e 2πiz ) are r M , r ∈ Z and the residues are
where the Fourier transform Ψ of Ψ defined as follows:
M . Observe that we have Ψ(r) = M Ψ(−r). Assuming that Ψ(0) = Ψ(0) = 0, we have
Furthermore we assume that Ψ(p m ) = 0 for all m ≥ 1. Then we define a function σ Ψ on the basic open subsets of Z p such that for a ∈ Z p and m ≥ 1
which is well-defined because of (2.2). For an integer α > 0 relatively prime to p, we also set
The followings are reformulation of results in [H] .
Proposition 2.1. Assume that p M and Ψ(p m ) Ψ(pr) = Ψ(p m+1 ) Ψ(r) for all m, r ≥ 1. Then σ Ψ is a p-adic measure on Z p and, hence so is σ Ψ,α .
Proof. We need to show that σ Ψ is a p-adically bounded distribution on Z p . First of all, we have
M for some r = 0, · · · , M − 1 because of (2.2). Therefore the integration x+i∞ x−i∞ R Ψ (e 2πiz )dz depends only on xM ( mod M ) and the number of possible values of σ Ψ is finite. Hence σ Ψ is p-adically bounded.
Secondly, we consider the expression
Observe that
From this calculation and the hypothesis on Ψ we deduce that the sum (2.3) is equal to σ Ψ (a + p m Z p ).
Let λ be a Dirichlet character of conductor N with p N , N > 1 and λ 0 be a periodic function with a period α defined by
Corollary 2.2. σ λ0 , σ λ , and σ λ,α are p-adic measures on Z p . Furthermore, σ λ,α = σ λα for a periodic function λ α with period αN defined by
Proof. The first statement is an immediate consequence of Proposition 2.1. For the second one, observe that
From the following calculation
and the observation that λ α (p m ) = λ(p m ), we finish the proof.
Let χ be a Dirichlet character with the decomposition χ = χ p χ (p) , where χ p is of p-power conductor and χ (p) is of conductor N with p N . We set σ = σ χ (p) ,α if N > 1 and set σ = σ λ0 if N = 1. Then we have Proposition 2.3. Let χ be an even Dirichlet character. We have
Proof. Refer to [Su, Section 4] or [H, Chapter 4] .
Let W be the set of the v(p − 1)-th roots of unity. Observe that we have the decomposition
Recall that θ is the first factor of χ, i.e. θ = χ| W ×(Z/N Z) × . Define a measure τ θ as
Let us choose a topological generator γ ∈ Z × p of 1 + vpZ p so that we have an isomorphism γ x : Z p ∼ → 1 + vpZ p . Let V be a set of the coset representatives of W/{±1}. We define a power series G τ θ ,γ (T ) such that
The power series G τ θ ,γ (T ) is called the Γ-transform of the p-adic measure τ θ , which is essentially the Iwasawa power series f (T ; θ):
Proposition 2.4. Let h > 0 be an integer with p h. Setting γ = (1 + vp) 1 h and α = 1 + vp, we obtain that
Proof. From (2.1), we are able to conclude that
Using the decomposition (2.6) and (2.7), we have
From (2.5) and the last calculation, we obtain that
and therefore deduce the proposition.
Proof of the main theorem
The coefficients of G τ θ ,γ (T ). The coefficient of a power series in
is completely characterized in terms of a special class of sequences, called the automatic sequences. A sequence (a n ) n≥1 ⊆ F p is called p-automatic if the collection of the subsequences
is a finite set. The following theorem is due to G. Christol.
Theorem 3.1.
(1)(Christol) Let F q be the finite field with q elements for a p-power q. A power series
] is algebraic over F q (T ) if and only if the sequence (a n ) is p-automatic. (2) If (a n ) is p-automatic, then (a p n −1 ) n≥1 is eventually periodic.
Proof. Refer to [AS, Theorem 12 .2.5, Corollary 5.5.3].
For a power series P (T ) :=
, set c(P, n) := c n . Theorem 3.1 suggests that in order to obtain the transcendence of G τ θ ,γ (T ) ( mod π) we need to show that c(G τ θ ,γ , p n − 1) is not eventually periodic. We collect another property for the coefficients of the Γ-transform of τ θ .
Proof. Lucas' theorem asserts that if a = pa + r 1 and b = pb + r 2 with 0 ≤ r 1 , r 2 < p, then we have
From this we deduce that x → x p n −1 ( mod p) is periodic with a period p n . Therefore we have
Since x p n −1 = 0 for x < p n − 1, we conclude the proof.
Proof of Theorem 1.2. In order to deduce contradiction in the end, we begin with the assumption that f (T ; θ) ( mod π) is algebraic over F p (T ). By Proposition 2.4, G τ θ ,γ (T ) ( mod π) is also algebraic over F q (T ) for a p-power q. By Theorem 3.1, c(G τ θ ,γ (T ), p n − 1) ( mod π) is eventually periodic. Let M be the period with p M ≡ 1 ( mod αN ). Therefore there exists N 0 > 0 such that for all m, n ≥ N 0 , we have
By Proposition 3.2, for all m, n ≥ N 0 we have
First consider the case of N = 1. Note that λ 0 (p M n ) = λ 0 (1) ≡ 0 ( mod π) for all n ≥ 1. From the definition of τ θ and the congruence (3.1) we have for all m, n ≥ N 0
We now state a lemma to control the above integrals, the proof of which is presented in the next section.
Lemma 3.3. Assume Borel's conjecture and choose a positive integer h so that p h and γ = (1 + vp)
2 . Now we choose m, n which satisfy the condition in Lemma 3.3 with N = α and Q = p M . Then we have
In total, the congruence (3.2) becomes
This is contradiction. For N > 1 case, we do a similar calculation as above. The similar congruence as (3.2) with R λα (q) instead of R λ0 (q) enables us to deduce
In fact from (2.4) we have
From the absurd congruence N λ(−α) ≡ 0 ( mod π), we finish the proof of Theorem 1.2.
Proof of Lemma 3.3
Proposition 4.1. Let α 1 , · · · , α r be algebraic p-adic integers such that 1, α 1 , · · · , α r are linearly independent over Q. Then Borel's conjecture implies that α 1 , · · · , α r are jointly normal to the base Q.
Proof. We show that the sequence {(
r . Let n 1 , · · · , n r be integers which are not all zero. By Weyl's criterion for the multi-dimensional case, we need to show that
Observe that α 1 n 1 +· · ·+α r n r is non-zero and irrational algebraic by the hypothesis. Therefore by Borel's conjecture and Weyl's criterion again for r = 1 case, we obtain the above limit.
The following is immediate from the definition of equi-distribution (see [KN] ).
Let α 1 , · · · , α t be any real numbers and set
for a t × t identity matrix I and a t × p−1 2 block matrix (I|A). For each integer i with 1 ≤ i ≤ p−1 2 we set P (α 1 , · · · , α t ) (i) be the i-th coordinate of P (α 1 , · · · , α t ). We extract the following lemma from the proof of [Su, Proposition 4] .
Proof. Consider a function P ( 1 N , α 2 , · · · , α t ) of real variables α 2 , · · · , α t . Since A is an integral matrix, we have
Since there is no pair η = η in V such that η/η ∈ Q, P (α 1 , · · · , α t ) (i) is not a Z-multiple of α 1 for i = 2, · · · , 
